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A computer program is provided for determining the 
characteristic impedance of microstrip transmission lines 
having finite thicktiess. Infinite and finite ground planes 
are incorporated into the program. The programmer need only 
supply information in the form of a . data card. This proce-
dure is clearly outlined. 
Graphical solutions of characteristic impedance for 
multiple dielectric microstrip transmission line problems 
are obtained using a discrete resistive ctnalogue. Computer 
network analysis programs are viewed as having several ad-
vantages not possessed by the physical resistive analogue. 
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With the advent o£ high speed computers and advances 
in microwave circuits, open microstrip transmission lines 
have come into wide use. This has been made possible 
through increased manufacturing capabilities in the past 
decade, i.e. photoetching processes~ and improved micro-
miniaturization techniques. Knowledge of the characteristic 
impedance is ess ential in the design of an open microstrip 
transmission line. Therefore, the problem is to determine 
the characteristic impedance £or such transmission line con-
figurations. To satisfy this genuine need, this thesis 
provides the designer with a method for determining the 
characteristic impedance of open microstrip transmission 
lines. 
a· 
II. REVIEW OF LITERATURE 
Although a major effort began during the early '50's, 
toward advancing the technology of open microstrip trans-
mission lines, some previous work to this end was performed 
by Black and Higgins. 1 Recognizing that a growin3 need 
existed, several publi~ations in the early '50's began ap-
pearing. Much of this work, including the above reference, 
can be .found in a "Symposium On Microwave Strip Circuits". 2 
The Black and Higgins paper clearly demonstrates the di.f.fi-
culty one might expect to encounter using Schwarz-Christoffel 
transformation for the configuration shown in Figure 2.1. 
The unavoidable difficulty in .furthering the work of Black 
and Higgins, using Schwarz-Christoffel transformations, 
arises from the .fact that the integration o.f a hyperelliptic 
integral would be necessary when considering the open strip 
line o.f Figure 2.2. The difficulty encountered with the 
use of elliptic £unctions is mentioned by H. A. Wheeler.3 
Certain special hyperelliptic integrals have been 
4 5 6 
solved. ' ' However, they serve no useful pQrpose in 
further solutions to open strip line problems. 
The method of subareas has afforded solutions to static 
field problems and in particular for certain open strip line 
con.figurations. 1 '7 
In addition to the open type of strip line, solutions 
to the closed or tri-plate configuration8 ' 9 of Figure 2.3 
have been obtained. 
J. C. Maxwell in 1871-2 developed a purely . mathemati-
9 
Finite Width, Zero Thickness Strip Line And _Ground Plane 
Figure 2 ·I 
Finite Thickness Infinite .Ground Pl-ane Strip Line 
Figure 2·2 




cal quantity, 10 the geometric mean distance for two figures 
in a plane. In later years, this was put to use in solving 
electrical power problems. 11 , 12 However, this method with 
the aid of a digital computer and certain realistic as-
sumptions can be used to solve microwave frequency strip 
line problems. This will be demonstrated in the work which 
follows. 
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III. RESULTS FROM LOSSL~SS STRIP LINE THEORY 
Much of the theory for strip line parameters has been 
developed1 for lossless strip lines. The resulting expres-
sion for characteristic impedance is z0 = l/Vpc.
1 Provided 
the relative dielectric constant is known, only the capaci-
tance need be calculated. Up to this time, the relative 
dielectric constant has been approximated to be that of the 
dielectric lying between the strip line and ground plane. 
If the capacitance of a line is multiplied by the external 
component of inductance, the product is equal toJ/£. 1 3 
Therefore, knowing~eand the external component of self-
inductance, the capacitance can be calculated. In turn, 
the characteristic impedance can be determined from the 
above expression z0 = 1/VPC. 
IV. DET ERMINATION OF EXTERNAL COMPONENT 
OF SELF-INDUCTANCE 
13 
Consider the cross section of the two conductor system 
of Figure 4.1. The conductors carry equal and opposite uni-
formly distributed currents. Let each conductor cross-
section be subdivided into equal elemental subareas as indi-
cated. If the number of elements for the conductor on the 
leftisM, and that of the conductor on the rightisM', 
then the current flowing in their elements is I/M and -I/M', 
respectively. Now, let M and M' increase without limit. 
As M and M' approach infinity, the self-inductance per meter 
for either conductor becomes1 3 
Z -7 GMD = 2 x 10 ln GMR 
The GMD is obtained by taking the MM' root of the products 
of all the distances between M elements of .the conductor . 
on the left and all M' elements of the .conductor on the 
right. In short, it is the MM' root of the product of MM' 
distances. The GMR for the conductor on the left is M2 root 
of the quantity M(M - 1) distances, multiplied by the M2 
root of the GMR of each element. The GMR of the equal rec-
tangular elements can be calculated as follo ws: 
GMR = 0.2235(a + b) 
where a and b are the sides of the element. The self-
inductance for t he conductor on the right can be obtained 
similarly. The above method will yield both components 0 f 
self~inductance. Namely, the external component and internal 
component. In order to determine the total external c0m-
ponent of self-inductance for either conductor of Figure 
--
Transmission Line Cross Section Subdivided Into Filamentary Elements 
4.1, repeat the above procedure, with the following ex-
ception. Assume that the current flows along the surface 
of the conductors rather than being uniformly distributed 
throughout the cross section. Now, only the perimeter of 
the conductors, of Figure 4.1, must be subdivided. Each 
element can be approximated by a line segment rather than 
a rectangular element. The GMR of each element is equal 
to 0.2235 x the length of the segment. 1 3 
15 
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V. STRIP LINE CONFIGURATIONS CONSIDERED 
Figure 5.1 is representative of the most general open 
strip line configuration. Dielectric boundaries are indi-
cated by dashed lines. el represents the dielectric con-
stant of the insulating material that originally existed 
between two . copper conductors of equal width. After photo-
etching the strip line generally is coated with an insu-
lating material having a dielectric constant £ 2 • In the 
past ·, ~l has been approximated to be the dielectric con-
stant of all insulating material surrounding the strip 
line. 
Quite often the width of the ground plane · is much 
greater than that of the strip line. In this situation, 
the problem reduces to a strip line over an infinite ground 
plane as shown in Figure 5.2. Again, the dielectric bounda-
ries are indicated with dashed lines. The infinite ground 
plane presents some difficulty when using the geometric mean 
distance method. It would require subdividing infinity into 
an infinite number of elements. This problem can be avoided 
by imaging. Observe that when one conductor in Figure 5.3 
is at some potential v0 ana the other conductor is at a 
potential -v0 , the potential midway .between both conductors 
is at ground potential from X€(-~,oo). Therefore, the 
problem, consisting of a strip line over an infinite ground 
plane, can be reduced to one similar to that of Figure 5.1. 
r--_ -----_-------l 
1 
€2 I I 
~-----1 '-----~ 
I I 
I E, I 
I I 
Open Multiple Dielectric Strip Line 
Figure 5·1 
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Image Of Infinite Ground Plane Strip Line 
Figure 5 · 3 
VI. SOLUTION OF STRIP LINES USING THE 
GEOMETRIC MEAN DISTANCE METHOD 
19 
Provided for the designer is a computer program writ~ 
ten in the Fortran IV computer language for the IBM System 
360/40 (see Appendix A). By using this program, it is 
possible to .solve simultaneously for the characteristic im-
pedance of any number of strip line configurations of the 
type shown in Figures 5.1 and 5.2. The designer is required 
to supply his problem information on a data card. It is 
necessary to supply only one data card for each problem. 
Infinite ground plane problems are handled by the program 
using the method of images. Therefore, information fcir 
Figur~ 5~3 must be placed on the data card when solving in-
finite ground plane problems of Figure 5.2. 
Data should be in the units of inches and appear on 
the data card as follows: 
(1) The thickness of the strip line located above the 
ground plane should appear in card columns 1 thru 9. 
(2) The thickness of the ground plane should appear in 
card columns 10 thru 18. Note, that for the infinite ground 
plane problems, the thickness of the strip line and ground 
plane are equal. 
(3) The width of the strip line should appear in card 
columns 19 thru 27. 
(4) The width of the ground plane should appear in 
card columns 28 thru 36. Here again, the width of the 
ground plane is equal to the width of the strip line for 
the problem having an infinite ground plane. 
(5) The separation between strip line and ground 
plane should be located in card columns 37 thru 45. For · 
the infinite ground plane problem, this distance is equal 
to the separation of conductors of Figure 5.3. 
(6) .Located in card columns 46 thru 54 must be the 
relative dielectric constant. 
20 
(?) The largest number of places to the right of the 
decimal, necessary to completely specify all of the dimen-
sions in 1 thru 4, above, must be placed in card columns 55 






From the above, we see that the number would be 4 .0 
which results from the number 0.1637. 
Prior to the first data card containing information 
for solutions of strip line problems, should be a data card 
stating the number of prob~ems to be solved. This number 
must be right justified in card column 18, in fixed point 
form. 
The solutions to several example problems have been 
obtained using the computer program and appear, in tabu-
lated form, in Appendix C. 
VII. MULTIPLE DIEL.B;CTRIC PROBLEf1S 
The finite-difference equivalent of Laplace's 
equation will now be obtained. 14,l5 Consider the dis-
21 
crete resistance network of Figure 7.1, where resistors are 
used to simulate the distance h. Expanding the potential 
about the point (x,y), in a Taylor series, results in 
(1) 
(2) 
Utilizing the first three terms of both expansions and 
adding equations (l) and (2) 
Rearranging, 
(4) 
Similarly, expanding about_ (x,y), with respect t~ y, yields 
adding and rearranging as before, 
: 
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Satisfying Laplace's equation requires adding (4) and (7). 
The electrostatic boundary conditions along a die-
lectric interface are 
(1) yl = f'2 across the boundary 
(2) Etl = Et2 
and (3) e lEnl = {2En2 
or Dnl = Dn2 
where ~ =0 s .• 
The third boundary condition can be satisfied in the dis-
crete network analogue as follows: 
~ · A ~'1 L-~1 =-___n.. 
4X, 
and 
Utilizing condition (1), eguation (8) becomes 
(8) 
(9) 
Accordingly, it follows from (9) that a multiple dielectric 
strip line problem can be simulated with resistors whose 
ratio is equal to that of the respective relative die-
lectric constants. 
24 
Further, .bY plott ing the equipotentials and lines 
of equal current (streamlines) the capacitance for a 
multiple dielec t ric problem can be obtained . 1 5 In turn , 
the characterist i c i mped ance can be c alculated , as out-
lined previously. 
· At the dielectric · interface , t h e equipotential should 
change direction. From condition (3 ), Dnl = Dn2 assuming ;J Ia = 0 
or €1Enl = ~2En2 
Since the normal component of D is continuous at the die-
lectric boundary, it can be shown16 that 
(10) 
The refraction or the electric flux density at a dielectric 
interface will be dictated by equation (10). An example 
will serve to consolidate and demonstrate some of the ideas 
presented above. 
The Electric Circuit Analysis Program (ECAP) was used 
for the purpose or simula ting the resistive analog ~e rather 
than construct a resistive network (see Appendix B). 
Although the ECAP prog r am ~erves to illustrate the ideas 
presented above, the program has a maximum capability of 
handling 50 nodes and 200 branches. Therefore, the strip 
line possessing quarter plane symmetry of Figure 7.2 was 
chosen. The discrete resistive analogue of Figure 7.2 is 
shown in Figure 7.3. 





Infinite Ground Pia ne, Zero Thic kn es s, Multiple Dielectric 
Example Problem 
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. ·5 Volt Equipotential Demonstrating Refraction Of D At The Dielectric Interface 
Figure 7· 4 r\) 
""-J 
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obtained from node voltage and branch current information 
supplied by the program. Refraction of D at the dielectric 
interface, for the equipotentials shown, compares favorably 
with equation (10). From Figure 7.4, the ratio 
Ideally, the ratio should equal 0.250. 
CONCLUSION 
Although the Schwarz-Christoffel transformation appea~ 
to have the greatest potential for solving multiple die· 
lectric strip lines having finite thickness, further mathe-
matical research will be necessary. The G~D method permits 
solving strip line problems having finite thickness. How-
ever, it does not provide a solution to the multiple die-
lectric p~oblems of Figures 5.1 and 5.2. Although field 
mapping techniques yield approximate results, the discrete 
resistive analogue can be used to solve multiple dielectric 
problems. Use of computerized network prog~ms appears to 
have definite advantages not possessed by a physical dis-
crete resistance analogue. Resistor tolerance, availability 
and cost are three obvious disadvantages of the discrete 
physical analogue. Included at the end of the ECAP proQram 
are all node voltages and branch currents. This eliminates 
the time consuming necessity of taking measurements on a 
physical resistive analogue. Computer programs having a 
capacity greater than 50 nodes and 200 branches will be 
needed to solve the more general problems of Figures 5.1 
and 5.2 with suitable accuracy. 
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APPENDIX A 
Computer Program Solution Of Characteristic Impedance 
For Figures 5.1 And 5.2 
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C COMMENT STATEMENT 
C COMMENT STATEMENT 
P..EAD(l,55)N 






ABW=2. * Wl *TWElR 
ABT=2. *Tl *TWElR 
DA=D+O.O 
Y=l. 
DO 22 1=1,2 
A=.5 
23 C=-.5 
DO 20 J=l,lOOOOOO 
C=C+l. 
IF(W2-(C*TWE1))21,21,20 






W= ( W2- Wl) / ( 2.) 














GO TO 32 
31 Dl=D+T2 
AA=AA+l. 
GO TO 39 
32 Z=l. 
39 DO 30 1=1,2 
H=.5 
41 GG=-.5 




29 Z=Z*((((ABS(((-W2+Wl)/(2.))+(GG*T ~f.El)-(H*TWE1)))**2.) 
l+(Dl**2.))**((.5)/(El•E2))) 
28 H=H+l. 
IF ( \vl- (H *T\ifEl)) 30,41, 41 
30 Dl=Dl+Tl 
IF(AA-2.)33,34,33 
33 GO TO 31 
34 R=l. 
DB=D+O.O 
DO 35 I=l,2 
P=.5 
36 Q=-.5 























1 DO 18 1=1,1000000 
A=A+l. 
1F(2.-(((ABT)-2.*A)*2.))2,2,5 







































GO TO 45 
43 SP=2.*ALOG((DG**2.)/(E3)) 
SP=(8P)/(.03339*(ABC**.5)) 
45 WRITE(3,19) SP 
55 FORfwlAT(I18) 










c COMMENT STATEMENT 
DC ANALYSIS 
c COMMENT STAT f;I\1 EN T 
Bl N(l,2), R=l 
B2 N(2,3), R=l 
B3 N(3,4), R=l 
B4 N(4,5), R=l 
B5 N(5,6), R=l 
B6 N(6,7), R=l 
B7 N(7,8), R=l 
BB N(8,9), R=l 
B9 N(9,10), R=l 
BlO N(lO,ll), R=l 
Bll N(l,l2), R=l 
Bl2 N(2,13), R=l 
Bl3 N(3,14), R=l 
Bl4 N(4,15), R=l 
Bl5 N(5,16), R=l 
Bl6 N(6,17), R=l 
Bl7 N(7,18), R=l 
Bl8 N(8,19), R=l 
Bl9 N(9,20), R=l 
B20 N(l0,21), R=l 
B21 N(ll,22), R=l 
B22 N(l2,13), R=l 
B23 N ( 13' lL~)' R=l 
B24 N(l4,15), R=l 
40 
B25 N(l5,16), R=l 
B26 N(l6,17), R=l 
B27 N(l7,18), R=l 
B28 N(l8,19), R=l 
B29 N(l9,20), R=l 
B30 N(20,21), R=l 
B31 N(21,22), R=l 
B32 N(l2,23), R=l 
B33 N(l3,24), R=l 
B34 N(l4,25), R=l 
B35 N( 15,26), R=l 
B36 N(l6,27), R=l 
B37 N(l7,28), R=l 
B38 N(l8,29), R=l 
B39 N(l9,30), R=l 
B40 N(20,31), R=l 
B41 N(21,32), R=l 
B42 N(22,33), R=l 
B43 N(23,24), R=l 
B44 N(24,25), R=l 
B45 N(25,26), R=l 
B46 N(26,27), R=l 
B47 N(27,28), R=l 
B48 N(28,29), R=l 
B49 N(29,30), R=l 
B50 N(30,31), R=l 
B51 N(31,32), R=l 
41 
B52 N(32,33), R=l 
B53 N(33,39), R=l 
B54 N(32, 38), R=l 
B55 N(31,37), R=l 
B56 N(30,36), R=l 
B57 N(29,35), R=l 
B58 N(28,34), R=l 
B59 N(0,27), R=l, E=l 
B60 N(0,26), R=l, E=l 
B61 N(0,25), R=l, E=l 
B62 N(0,24), R=l, E=l 
B63 N(0,23), R=l, E=l 
B64 N(0,34), R=4, E=l 
B65 N(34,35), R=4 
B66 N( 35' 36 Y, R=4 
B67 N(36,37), R=4 
B68 N(37,38), R=4 
B69 N(38,39), R=4 
B70 N(39,50), R=4 
B71 N(38,49), R=4 
B72 N( 37,48), R=4 
B73 N(36,47), R=4 
B74 N(35,46), R=4 
B75 N(34,45), R=4 
B76 N(0,44), R=4, E=l 
B77 N(0,43), R=4, E=l 
B78 N(0,42), R=4, E=l 
42 . 
B79 N(0,41), R=4, E=l 
BBO N(0,40), R=4, E=l 
B81 N(40,41), R=4 
B82 N(41,42), R=4 
B83 N(42,43), R=4 
B84 N(43,44), R=4 
B85 N(44,45), R=4 
B86 N(45,46), R=4 
B87 N(46,47), R=4 
B88 N(47 ,48), R=4 
B89 N(48,49), R=4 
B90 N(49, 50), R=4 
B91 N(0,50), R=4 
B92 N(0,49), R=4 
B93 N(0,48), R=4 
B94 N(0,47), R=4 
B95 N(0,46), R='+ 
B96 N(0,45), R=4 
B97 N(0,44), R=4 
B98 N(0,43), R=4 
B99 N(0,42), R=4 
BlOO N(0,41), R=4 
BlOl N(0,40), R=4 





1-2 0.94348220D 00 0.93263593D 00 
3-4 0.90930506D 00 0.87058105D 00 
5-6 0.81384584D 00 0.74144868D 00 
7-8 0.66886787D 00 0.60633548D 00 
9-10 0.55831363D 00 0.52619311D 00 
11-12 0.51017099D 00 0.95432846D 00 
13-14 0.94512053D 00 0.92469819D 00 
15-16 0.88859226D 00 0.82950780D 00 
17-18 0.74163231D 00 0.65881945D 00 
19-20 0.59182495D 00 0.54241230D 00 
21-22 0.51009472D 00 0.49414887D 00 
23-24 0.97438266D 00 0.96881953D 00 
25-26 0.95577493D 00 0.92958199D 00 
27-28 0.87396078D 00 0.73675334D 00 
29-30 0.63295265D 00 0.55973257D 00 
31-32 0.50941590D 00 0.47762458D 00 
33-34 0.46218090D 00 0.69846760D 00 
35-36 0.57650526D 00 0.50473676D 00 
37-38 0.45789416D 00 0.42880681D 00 
39-40 0.41476925D 00 0.49976489D 00 
41-Lt-2 0.49929468D 00 0.49741384D 00 
43-44 0.49036066D 00 0.46402881D 00 
45-46 0.36575457D 00 0.30052187D 00 
4 7-48 0 . 25982764D 00 0 . 2340 5194D 00 




1-2 0.10846268D-Ol 0.23330869D-Ol 
3-4 0.38724005D-Ol 0.56735211D-Ol 
5-6 0.72397168D-Ol 0.72580807D-Ol 
7-8 0.62532385D-Ol 0.48021851D-Ol 
9-10 0.32120519D-Ol 0.16022122D-Ol 
11-12 -0.10846268D-Ol -0.12484601D-Ol 
13-14 -0.15393136D-Ol -0.18011206D-Ol 
15-1.6 -0.15661957D-Ol -0.18363928D.-Ol 
17-18 0.10048422D-Ol 0.14510534D-Ol 
19-20 0.15901332D-Ol O.l6098397D-Ol 
21-22 O.l6022122D-Ol 0.92079340D-02 
23-24 0.20422335D-Ol 0.36105934D-Ol 
25-26 0.59084460D-Ol 0.8?875486D-Ol 
27-28 0.82812868D-Ol 0.66994497D-Ol 
29-30 0.49412649D-Ol 0. 3231758L'-D-Ol 
31-32 O.l5945847D-Ol -0.20054202D-Ol 
33-34 -0.23699002D-Ol -0.31076735D-Ol 
35-36 -0.40989733D-Ol -0.44452982D-Ol 
37-38 0.48789779D-02 0.25866793D-Ol 
39-40 0.32092382D-Ol 0.32996397D-Ol 
41-42 0.32470133D-Ol 0.31967969D-Ol 
43-44 0.55631338D-02 O.l3044601D-Ol 
45-46 0.26192936D-Ol 0.55621211D-Ol 
4?-48 0.13720745D 00 0.10380068D 00 
49-50 0.73220087D-Ol 0.50316664D-Ol 
45 
BRANCHES CURRENTS 
51"-52 0.31791320D-Ol O.l5443684D-Ol 
53-54 0.4?41165.:5D-Ol 0.48817769D-Ol 
55-56 0.51521742D-Ol 0.54995805D-Ol 
5?-58 0.56447390D-Ol 0.38285740D-Ol 
59-60 O.l2603922D 00 0.?041800?D-Ol 
61-62 0.44225070D-Ol 0.31180469D-Ol 
63-64 0.25617335D-Ol 0.?5383101D-Ol 
65-66 0.30490584D-Ol 0.17942125D-Ol 
67-68 O.ll?l0650D-Ol 0.?2718368D-02 
69-70 0.35093918D-02 0.50921045D-Ol 
?1-72 0.52580215D-Ol 0.55960555D-Ol 
?3-?4 0.61227280D-01 0.68995849D-Ol 
?5-76 0.831?8257D-Ol O.l3399280D 00 
??-?8 0.12740983D 00 O.l2564654D 00 
?9-80 O.l2517633D-OO 0.12505878D 00 
81-82 0.11755292D-03 0.47021167D-03 
83-84 0.1?632938D-02 0.65829634D-C2 
85-86 0.24568560D-Ol 0.16308175D-Ol 
87-88 O.l0173556D-01 0.64439257D-02 
89-90 0.38914961D-02 0.18502220D-02 
91-92 -0.52771267D-Ol -0.54621489D-Ol 
93-94 -0.58512985D-Ol -0.64956911D-Ol 
95-96 -0.?5130467D-01 -0.91438642D-01 
9?-98 -0.11600720D 00 -0.12259017D 00 
99-100 -0.12435346D 00 -0.12482367D 00 
101-101 . -0.12494122D 00 
APPENDIX C 
Example Solutions Of Characteristic Impedance For Figures 
5.1 And 5.2 
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4? 
zo STRIP LINE GROUND PLANE DIELECTRIC 
!OHM§l WIDTH THICKNESS v/IDTH THICKNESS SPACING r1 
------ ------ -----
46.82 .01" .02" .08" .01" .01" 5.0 
41.?5 .01" .02" Infinite .01" 3.0 
?3.62 .01" .01" Infinite .01" 1.0 
32 •. 96 .05" .01u Infinite .01" 1.0 . 
292.6 .01" .01" .05" .01" .10" 1.0 
2?.11 .01" .01" Infinite .001" 2.0 
5.84 .10" .01" Infinite .001" 2.0 
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